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Abstract. In this paper we give further contributions to the ergodic theory of 
a robust class of local diffcomorphisms with non-uniform expansion and where 
no Markov assumption is required. We prove that the topological pressure is 
diffcrentiable as a function of the dynamics and the potential and provide a 
formula to the differentiable dependence of equilibrium states. Moreover we 
prove differentiability of the maximal entropy measure and continuity of ex- 
tremal Lyapunov exponents and metric entropy with respect to the dynamics. 
Finally we obtain a local large deviation principle for the equilibrium states 
and show that the rate function is continuous with respect to the dynamics 
and the potential. 



1. Introduction 

The thermodynamical formalism was brought from statistical mechanics to dy- 
namical systems by the pioneering works of Sinai, Ruelle and Bowen }Sin72llBow75l 
IBR75] in the mid seventies. Indeed, the correspondance between one-dimensional 
lattices and uniformly hyperbolic maps, via Markov partitions, allowed to translate 
and introduce several notions of Gibbs measures and equilibrium states in the realm 
of dynamical systems. Nevertheless, although uniformly hyperbolic dynamics arise 
in physical systems (see e.g. |HM03j ) they do not include some relevant classes 
of systems including the Manneville-Pomcau transformation (phenomena of inter- 
mittency), Henon maps and billiards with convex scatterers. We note that all the 
previous systems present some non-uniformly hyperbolic behavior and its relevant 
measure satisfies some weak Gibbs property. More recently there have been es- 
tablished many evidences that non-uniformly hyperbolic dynamical systems admit 
countable and generating Markov partitions. This is now paralel to the develop- 
ment of a thermodynamical formalism of gases with infinitely many states, a hard 
subject not yet completely understood. We refer the reader to |Sar99| IPin08| IPVlOj 
for some recent progress in this direction. 

A cornerstone of the theory that has driven the recent attention of many authors 
both in the physics and mathematics literature concerns the differentiability of ther- 
modynamical quantities as the topological pressure, SRB measures or equilibrium 
states with respect to the underlying dynamical system. For natural reasons these 
have been refered as linear response formulas. Several important results have been 
obtained for uniformly hyperbolic maps and flows, some partially hyperbolic diffco- 
morphisms and some one-dimensional piecewise expanding maps and nonuniformly 
expanding quadratic maps. We refer the reader to |KKP W89l IRue97[ IRue04i |Pol041 
IRue05| IBLOTI [BS081 lBSu9l IRue09[ IBSIO] for precise statements. Nevertheless, and 
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despite the effort of many authors, a general picture is still far from complete. On 
the one hand the study of finer statistical properties of thermodynamical quanti- 
ties as equilibrium states, mixing properties, large deviation and limit theorems, 
stability under deterministic perturbations or regularity of the topological pressure 
is usually associated to good spectral properties of the Ruelle-Perron-Frobenius 
operator. For that reason the functional analytic approach to thermodynamical 
formalism has gained special interest in the last few years and produced new and 
interesting results even in both uniformly and non-uniformly hyperbolic setting 
(see e.g. jBKLOll ICas021 ICas04l IGL061 IBT071 IDL081 IBG091 iBGTOl iRuTO] ). On 
the other hand, neither the stability of the equilibrium states or differentiability 
results for on thermodynamical quantities could follow directly from the spectral 
gap property since transfer operators acting on the space of Holder continuous po- 
tentials may not even vary continuously with the dynamical system (see e.g. |CV11[ 
Example 4.14]). 

In this article we give first contributions to the study of linear response formulas 
in a multidimensional nonuniformly hyperbolic context. We study a robust class 
of multidimensional nonuniformly expanding maps considered in jVV10( ICVllj 
that admit the coexistence of expanding and contracting behavior and need not 
admit any Markov partition. Such class of maps obtained important examples 
obtained by bifurcation of expanding homcomorphisms, subshifts of finite type and 
intermitency phenomena as in the class of Maneville-Pommeau maps. In |CVllj 
the authors used Birkhoff 's method of projective cones aplied to the Ruelle-Perron- 
Frobenius operator acting on good Banach spaces to establish that the Ruelle- 
Perron-Frobenius transfer operator has a spectral gap in the Banach spaces of both 
Holder continuous and smooth observables, to obtain good statistical properties of 
equilibrium states and obtain continuous dependence of the topological pressure 
with respect to the dynamics and the potential. Here we deduce further regularity 
of the topological pressure and the density of the equilibrium states with respect 
to conformal measures along parametrized families of potentials (e.g. real analytic) 
and the study of zeta functions. Such program has been carried out with success 
for uniformly hyperbolic and some partially hyperbolic and one-dimensional non- 
uniformly expanding dynamical systems. See e.g. |Rue971 |Pol041 |BS 08 , BS09] and 
references therein. To the best of our knowledge these are the first differentiabiliy 
formulas for the topological pressure and equilibrium states for multidimensional 
non-uniformly expanding maps. We also obtain some important large deviation 
results and deduce that the rate function varies differcntiably with respect to the 
dynamical system and potential. These are new results even in the uniformly 
hyperbolic setting. We refer the reader to Section [2] for precise statements. 

Let us mention that our strategy can probably apply whenever the Rucllc-Pcrron- 
Frobcnius has a spectral gap property with uniform bounds, independently of its 
continuous dependence or not in the operator norm. 

This paper is organized as follows. In Section [2] we recall some definitions and 
state our main results. Some preliminary results are given in Section [3] Our main 
results concerning the differentiability of topological pressure, conformal measures 
and equilibrium states are proven in Section |4] and we prove our local large devia- 
tions principle in Section [5] Finally, some examples are discussed in Section [5] 
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2. Statement of the main results 



2.1. Setting. In this section we introduce some definitions and establish the set- 
ting. Let M be compact and connected Riemmanian manifold of dimension m with 
distance d. Let / : M M be a local homeomorphism and assume that there exists 
a continuous function x i— > L(x) such that, for every x £ M there is a neighborhood 
U x of x so that f x : f7 x — > f(U x ) is invertible and 

dCfxHy),./* 1 ^)) < M*) Vy,z G /(Ek). 

In particular every point has the same finite number of preimages deg(/) which 
coincides with the degree of /. 

For all our results we assume that / satisfies conditions (HI) and (H2) below. 
Assume there exist constants a > 1 and L > 1, and an open region A C M such 
that 

(HI) L(x) < L for every x £ A and L(x) < o~ x for all x £ A, and L is close to 

1: the precise condition is given in (|3.1[) and (|3.2[) . 
(H2) There exists a finite covering U of M by open domains of injectivity for / 

such that A can be covered by q < deg(f). 

The first condition means that we allow expanding and contracting behavior to 
coexist in M: / is uniformly expanding outside A and not too contracting inside 
A. In the case that A is empty then / is uniformly expanding. The second condition 
requires that every point has at least one preimage in the expanding region. 
An observable g : M — >• M. is a- Holder continuous if the Holder constant 

i | \g{x) -g(y)\ 

\ g \ a = SU P— 77 77^~ 

x ^y d(x,y) a 

is finite. As usual, we endow the space C a (M, R) of Holder continuous obscrvablcs 
with the norm || • || Q = || • || + | • \ a . Throughout, we let <j> : M — > K denote a 
potential at least Holder continuous and satisfying either 

(P) sup0 - inf <j)< e and |e*| a < £4, e inf<#1 
provided that cf> is Holder continuous, or 

(P') sup0 — inf (f> < £0 and max s < r ||Z> s 0||o < £0 
if <p is C r , where e^, > depends only on L, a, q, deg(/), r, a positive integer m 
and small S > stated precisely in jCVllj (see equations (|3.ip and (|3.2I) below). 
This is an open condition on the set of potentials, satisfied by constant potentials. 
In particular we consider measures of maximal entropy. 

2.2. Strong statistical properties of equilibrium states. Let us first introduce 
some necessary definitions and collect from jVVlOl ICVllj some of the known results 
on the existence and statistical properties of equilibrium states for this robust class 
of transformations. Given a continuous map / : M —> M and a potential <f> : M — > 
R, the variational principle for the pressure asserts that 

-PtopCfj 0) = sup jfyuCf) + J (/) dfi : (j, is /-invariant 

where Pt op (f, </>) denotes the topological pressure of / with respect to cf> and h l _ l (f) 
denotes the metric entropy. An equilibrium state for / with respect to <j) is an 
invariant measure that attains the supremum in the right hand side above. 
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In our setting equilibrium states arise as invariant measures absolutely continu- 
ous with respect to an expanding, conformal and non-lacunary Gibbs measure v. 
Since we will not use these notions here we shall refer the reader to [VVlOj for 
precise definitions and details. Many important properties arise from the study of 
transfer operators. Recall that the Ruelle- Perron- Frobenius transfer operator Cf^ 
associated to / : M — > M and <j> : M — > R is the linear operator defined on a 
Banach space X C C°(M, R) of continuous functions g : M — >• R by 

Cf,MV) = E e0(y) 5(y)- 

f(y)=x 

Since / is a local homeomorphism it is clear that is continuous for every con- 

tinuous if and. furthermore, is indeed a bounded operator relative to the norm 
of uniform convergence in C°(M, R) because < deg(/) e sup '*'. Analogously, 

£/,0 preserves the Banach space C a (M, R), < a < 1 of Holder continuous ob- 
servables. Moreover, it is not hard to check that £>f,$ is a bounded linear operator 
in the Banach space C r (M,R) C C°(M,R) (r > 1) endowed with the norm || • || r 
whenever / is a C r -local diffeomorphism and <fi S C r (M, K). 

We say that the Ruelle-Perron- Frobenius operator Cf^ acting on a Banach space 
X has the spectral gap property if there exists a decomposition of its spectrum 
a(Cf^) C C as follows: cr(Cf^) = {A x } U Ei where Ai is a leading eigenvalue 
for with one-dimensional associated eigenspace and there exists < Ao < Ai 
such that Ei C {z G C : \z\ < Ao}. When no confusion is possible, for notational 
simplicity we omit the dependence of the Perron-Frobenius operator on / or <fr. 

We build over the following result which is a consequence of the results in |VV10( 
ICVllj . In what follows, let J 7 be a family of local homeomorphisms with Lipschitz 
inverse and let W be some family of Holder continuous potentials satisfying (HI), 
(H2) and (P) with uniform constants. In a similar way given an integer r > 1, let 
T r be a family of C r local diffcomorphisms and let W r be a family of C r -potentials 
satisfying (HI), (H2) and (P') with uniform constants. 

Theorem 2.1. Let f : M —> M be a local homeomorphism with Lipschitz contin- 
uous inverse satisfying (HI) and (H2), and let <j> : M — >• R be a Holder continuous 
potential such that (P). Then 

(1) there exists a unique equilibrium state pi for f with respect to <f>, it is ex- 
panding, exact and absolutely continuous with respect to some conformal, 
non-lacunary Gibbs measure v; 

(2) the Ruelle- Perron- Frobenius has a spectral gap property in the space of 
Holder continuous observables and the density dfi/dv is Holder continuous; 

(3) the topological pressure function J- xW 3 (/,</>) — > Pt p(f,4>) is continuous; 

(4) the invariant density function JxW-) C a {M, R) given by (/, (f>) i— > d ( ^/'* 
is continuous whenever C a (M, R) is endowed with the C° topology. 

If, in addition, the potential <j> : M — > M. is C T - differentiate and satisfies (P') then 

(5) the topological pressure T r x W 3 (/,</>) — > Pt op (f,(f>) and the invariant 
density function T r x W r — > C r {M, R) given by (f,(f>) i— > vary con- 
tinuously in the C r topology; 

(6) the conformal measure function FxW r — > A4(M) given by (/, <j)) vt^ is 
continuous in the weak* topology. In consequence, the equilibrium measure 
fj,f t< j, varies continuously in the weak* topology; 
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Let us mention that condition (1) above holds more generally for all Holder 
continuous potentials such that sup <j> — inf <fi < log deg(/) — log q (see [VV101 Theo- 
rem A] . Here we build over the aforementioned result by studying finner properties 
of the transfer operators. Nevertheless, we remark that the these strong statistical 
stability are not an immediate consequence of the spectral gap property. In fact, 
the stability of the equilibrium state under deterministic perturbations is more sub- 
tle since the Ruelle-Perron-Frobenius operator Cf^ acting on the space of Holder 
continuous observables is continuous on the potential </> but in general it may not 
vary continuously with the underlying dynamics /. We refer the reader to |CV11[ 
Example 4.14] for a detailed discussion. The aforementioned results lead to the 
natural questions: 

Question 1: Is topological pressure differentiable with respect to the dynamical 
system / and potential </>? 

Question 2: Are equilibrium states differentiable in the sense that for any given 
smooth observable g : M — > R the function 

(/,</>) !->• J 9 dUf,,), 
differentiable and can one provide an expression for the derivative? 

Question 3: How do Lyapunov exponents and metric entropy associated to equi- 
librium states vary with respect to the dynamics / and potential </>? 

Question 4: Do large deviation principles holds for Holder continuous observables 
e.g., does there exists a convex rate function If^ such that 

1 1 n ~ 1 

lim -\ogixJx G M : - V ' (x)) G [a, b]) = - inf I f ^(s)? 

n^oo n \ n fq^ / s£[a,b] 

If so, how does the rate function If^ vary with the dynamical system? 

Our purpose in the present paper is to provide answers to these questions in this 
context of non- uniform expansion. 

2.3. Statement of the main results. Our first results concerns the differentia- 
bility of the spectral radius, associated cigenfunction and eigenmeasures for the 
Ruelle-Perron-Frobenius and equilibrium states whenever the dynamics / is fixed. 
Let C r+a , with r > integer and a G [0, 1), denote the space of C r observables g 
such that the derivative D r g is a-H61der continuous. 

Theorem A. Let f : M —^Mbea local homeomorphism with C r+a inverse 
branches satisfying (HI) and (H2) and let W C C r+a (M, M) be an open subset of 
Holder continuous potentials <fi : M — > R such that (P) holds with uniform constants. 
Then the following functions are analytic acting on the space W C C r+a (M, R) : 

• The Ruelle-Perron-Frobenius operator function W 3 <p<-> C$ £ L{C r+a (M , R)) ; 

• The spectral radius function W 3 <j) i— >• = exp(P t op(/, <P))> 

• The invariant density function VV 3 (f> > G C r+Q (M, R); 

• The conformal measure function W 3 <p l— ^ v 4> £ (C r+a )* . In particular, 
for any fixed g G C r+a (M, R) the map <fi i— > J g dv§ is analytic; and 

• The equilibrium state function VV 3 4> l ~ ► P"4> = h^v^. In particular, for any 
fixed g G C r+a (M, R) the map <j) i— ¥ J g d/i^ is analytic. 
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Let us mention that some of the previous differentiation formulas hold in general 
when there is a spectral gap for the transfer operator. We use the differentiability 
of the Ruelle-Perron-Frobenius operator and the spectral gap property to obtain 
precise formulas for the previous derivatives. 

Theorem B. Let f and <f> be as above and assume r + a > 0. Then for any n > 1 
and g e C r+a {M,R) be fixed it holds for all H e C r+a (M,R) that 

• D^X^ |0 O • H = A^q • J h^ a ■ H dvfo ; 

• D<f h <P l<f>0 • H = hfo •/[(!- Cfo | Eo ) _1 (l - hfa)] ■ H dv^; 

• J gdv^ O ■ H = f(I — £ 0O | Bo ) _1 (g - / gdv^ ■ h^ a ) ■ Hdu^; and 

D 4> J 9 d H |0o • H = j V - £<t>o |£o) _1 \ 9 -h^- J gdnfo ■ h <t>o) ■ Hdvfo 
+ / gdfifo ■ [(I - C<j, |E ) _1 (1 - ^ )] ' Hdvfo. 



Now we shall focus on the C 1 -differentiability of the Ruelle-Perron-Frobenius 
operator, pressure and equilibrium states with respect to the dynamical system 
/. For short, we say that / is a C r+Q -local diffeomorphism meaning that / is a 
C""-local diffeomorphism and the derivative D r f is a-H61dcr continuous. 

Theorem C. Assume r > 1 and a > 0. Let <f> be a fixed C r+a potential on M and 
J? r + a be an open subset of C r+a -local diffeomorphisms such that (HI), (H2) and 
(P') hold with uniform constants. The following properties hold: 

• For any g e C r+a (M,R), the map Diff[+ a 9 / i-> C'}{g) e C r+a (M,R) 
is differentiable; 

• The pressure P^ : J rr + a — > R given by P(f>(f) = -Ptop(/, 0) is differentiable; 

• If <fi = then the maximal entropy measure function J 7r + a 3 J ^ is 
differentiable, that is, the map J :r + a 3 J 4 f g d/j,f is differentiable for 
any fixed g € C r+a {M,R). 

In fact, we obtain precise formulas for the previous derivatives as follows. 

Theorem D. Let <fi be a fixed C r+a potential on M with a > and let f be a 
C r+a -local diffeomorphism. Given g £ C r+a (M,R), H e C r+a (M, M) and g u g 2 £ 
C r+a (M,R) we have: 

• If {.fa.i ■ i = 1,2,..., deg(/o)} denotes the set of inverse branches for fo 
then 

(Df£fAg)\ fo -H)(x) = |f° e*^W) .Dg {foAx) ■ [(T i|/o • H)(x)} 

+ £ } e <KhA*)) . g(f 0ti ( x )) ■ D^ foAx) ■ [(T ilfo ■ H)(f Q>i {x))]; 

4=1 



D fC-lM + *ftO|/ ■ H = D f Cl^ 9l \ h • H + tD f C^(g 2 ) lfo ■ H; 
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• \\ D f£f,4>(d)\fo ■ H \\o < h\\i ■ Of ■ \\H\\x, for some c f > 0. 
Furthermore, if f satisfies (HI), (H2) and 4> = then 

• D ff i f (g) lfo ■ H = J2Z J D f C f (C fo (P (g))) • Hdfx fo . 

Using that partial derivatives do exist and are continuous we deduce that the 
pressure function is globaly differentiable. In particular we obtain the following 
consequences. 

Corollary A. Assume that r > 1 and a > 0. If J^ r + a is an open subset of 
C r+a local diffeomorphisms such that (HI), (H2) hold and W 1+a is an open set of 
potentials satisfying (P'), with uniform constants. If f i— I (j)f £ W 1+Q is differen- 
tiable then the pressure function f h- > P t0 p(f,(j)f) is differentiable. In particular, if 
t is small enough the pressure functions J- 2+a 3 f i— > Pt op (f,—t\og\\Df ±1 \\) are 
differentiable. 

Wc obtain now consequences for the measure theoretical entropy, extremal Lya- 
punov exponents and sum of the positive Lyapunov exponents associated to the 
equilibrium states. 

Corollary B. Assume that r > 1 and a > 0. If J- r+a is an open subset of C r+a 
local diffeomorphisms such that (HI), (H2) and W 1+Q is an open set of potentials 
satisfying (P'), with uniform constants, then 



{f,4>) i-> h^if) = Pto P (/,0) - / (frdtifj 
and the Lyapunov exponent functions 

/H- J \og\\Df{x)\\dtJLf l4> and f h+ /"log WDfix)- 1 ^ 1 dfx ft<l> 



d 



tin 



are continuous. 



f ^ J log|detD/(a:)|dM/,< 



As an application of the differentiability of the pressure function we obtain a 
local large deviations principle. First we recall some notions. Let /i^ = fif^ be as 
above. Given an observable ip : M — > R and t £ M the free energy £/,,/, is given by 



£fd<(t) — hm sup — log / e ts " ^ dfi$ , 

n— >oo n J 



where S n if> — X)j=o V* ° P ^ s the usual Birkhoff sum. In our setting we will prove 
that the limit above does exist for all Holder continuous ip ancl \t\ < t$, for some 
t$ > 0, and that it is differentiable. 

Theorem E. Let f and <p satisfy assumptions (HI), (H2) and (P). Then for any 
Holder continuous observable ip : M — > R there exists t^ > such that for all 
\t\ <t^ the following limit exists 

£ M (t) := lim -log / e ts ^ d^ = P top (f,cf> + t^) - P top (f^). 



n— >oo fi 



7 



Moreover, ifip is cohomologous to a constant then t i— > £f^(t) is linear and, other- 
wise, 1 1— > £f^(t) is real analytic and strictly convex. Furthermore, if f £ Diff,^ a 
and <j), ip £ C 1+a (M, R) then for every fixed t £ M £/ie function f i-> £f^,(t) is 
differentiate and f <— > £'^{t) is continuous. 

So, if ^ is not cohomologous to a constant then the function [—£,/,,£,/,] 3 £ — > 
£f,,f,(t) is strictly convex it is well defined the "local" Legendre transform If^ 
given by 

I f,4'( s )= SU P { st ~ £/>(*)}• 

We refer the reader to Section [5] for more details. In fact, using differentiability of 
the pressure function we obtain a level- 1 large deviation principle and deduce that 
the differential variation of the rate function with the dynamical system. 

Theorem F. Let if) be a Holder continuous observable not cohomologous to a con- 
stant. There exists an interval J C R such that for all f G J- and [a, b] C J 

lim sup — log fiA, ( x £ M : — S n ip(x) £ [a, 6] J < — inf It^(s) 

n^oo n \ n J se[a,b] ' 



and 



lim inf — log \x& ( x £ M : —S n tp(x) £ (a,b)) > — inf If^(s) 

ri-+oo n V n / se(a,b) 



Moreover, the rate function (s, /) >— >■ If^(s) is continuous on J x T . 

Let us mention that some upper and lower large deviation bounds for a larger 
class of transformations were obtained previously in AP06 , Val2 for C°-obscrvablcs. 
The previous provides a local large deviations principle for Holder observables. 

3. Preliminaries 

In this section we provide some preparatory results needed for the proof of the 
main results. Namelly, we recall some properties of the transfer operators. 

3.1. Spectral radius of Ruelle- Perron- Frobenius operators and conformal 
measures. Let £ : C°(M,R) -> C°(A/,R) be the Ruelle- Perron- Frobenius trans- 
fer operator associated to / : M — >• M and (f> : M — > R previously defined by 

for every ip £ C°(Af,R). We consider also the dual operator £J : M(M) ->■ M(M) 
acting on the space M. (M) of Borel measures in M by 



vdiC^n) = J (Cptp) drj 

for every ip £ C°(M, R). Let r(C,j,) be the spectral radius of Cj,. In our context 
conformal measures associated to the spectral radius always exist . More precisely, 

Proposition 3.1. Assume that f is topologically exact and (HI), (H2) holds. If <f> 
satisfies sup</>— inf </> < log deg(/) — log q then there exists a conformal measure such 
that C*^v = \v and supp(z^) = M , where A = r(C<f,). Moreover, v is a non-lacunary 
Gibbs measure and P top (f, <p) = log A. 

Proof. See Theorem B, Theorem 4.1 and Proposition 6.1 in |VV10j . □ 



3.2. Spectral gap for the transfer operator in C a (M, R). Recall that the 
Holder constant of <p G C a (M, R) is the least constant C > such that \<p(x) — 
f{y)\ < Cd(x, y) a for all points x ^ y and, for any S > 0, the local Holder constant 
<y9| Qj( 5 is the corresponding notion for points x, y such that d(x, y) < S. If 5 is small 
then there exists a positive integer m such that every (C, a)- Holder continuous map 
in balls of radius S is globally (Cm, a)-H61der continuous (see |CV11| Lemma 3.5]). 
This put us in a position to state the precise relation on the constants L, a, q and 
£0 from (HI), (P) and (P'). We assume: 

■(deg(f)-q)a- a +qL a [l + (L-iy 



deg(/) 



^2mL"diam(M) Q < 1 (3.1) 



and 



|U f »]- t -.-( ' J ^'-"°7,f 1 + ' I - 1 " )< 1 (3.2) 
V deg(/) J 

This choice was enough to obtain the following cone invariance. 

Theorem 3.2. Assume that f satisfies (HI), (H2) and that 4> satisfies (P). Then 
there exists < A < 1 such that C^,(A K g) C s for every large positive constant 
K, where 

A re ,5 = {(f G C°(M,R) : ip > and |<p| a)(5 < nmf tp} . 

is a cone of locally Holder continuous observables. Moreover, given < A < 1, the 
cone Ac s has finite h K .s-diameter in the projective metric 0fc. Furthermore, if 

<P G A K .<5 satisfies J pdv = 1 and h denotes the Q K -limit of ip n = Cl((p) then, p n 
converges exponentially fast to h in the Holder norm. 

Proof. See Theorem 4.1, Proposition 4.3 and Corollary 4.5 in jCVllj . □ 

Hence the normalized operator = AT C$ has the spectral gap property. 

Theorem 3.3. There exists < r$ < 1 such that the operator C^, acting on the 
space C a (M, R) admits a decomposition of its spectrum given byH = {l}UEo, where 
S contained in a ball B(0,r ). In consequence, there exists C > and t G (0, 1) 
such that \\C^(p — J (pdv,p\\o < CT n \\ip\\ for all n > 1 and p G C"(M,R), where 
hs G C a (M, R) is the unique fixed point for C^. 

Proof. See Theorem 4.6, Proposition 4.3 and Corollary 4.5 in |CVllj . □ 

As a consequence of the previous results it follows that the density of the equilib- 
rium state with respect to the corresponding conformal measure vary continuously 
in the C°-norm. We recall the precise statement and the proof of the result since 
some estimates in the proof will be needed later on. 

Proposition 3.4. Let J- be a family of local homeomorphisms and W be a fam- 
ily of potentials satisfying (HI), (H2) and (P) with uniform constants. Then the 
topological pressure JxW3 (/, 4>) > log A f $ = Ptopif, 4 1 ) an d the density function 

TxW -> (C a (M,R),\\-\\ ) 

(/>*) -> 

are continuous. Moreover, hf jt p = limAT^yCj^l and the convergence is uniform in 
a neighborhood of (/, 4>). 



Proof. Recall that Ptopif, ft) = 1°§-V,0 where A/.^ is the spectral radius of the 
operator Moreover, it follows from the proof of Theorem 13.21 that for any 

f G A-k.,5 satisfying J (p dv = 1 one has in particular 



\—n nn 

A f,<t> L f,< 



d/J-f,, 



dv fil 



< Ct" 



(3.3) 



for all 7i > 1. Notice the previous reasoning applies to ip = 1 G A Kj i. Moreover, since 
the spectral gap property estimates depend only on the constants L, a and deg(/) 
it follows that all transfer operators Cj ^ preserve the cone A*, a for all pairs (/, <j>) 
and that the constants R\ and A can be taken uniform in a small neighborhood Li 
of (/, 4>). Furthermore, one has that J Xj^Cf^ dvf^ = 1 and so the convergence 



lim —log || £ 

i->+oo n 



n ~ 



,(1)110 



lim — log 



f,<t> 



(1) 



= 



given by Theorem 13.21 can be taken uniform in U. This is the key ingredient to 
obtain the continuity of the topological pressure and density function. Indeed, let 



e > be fixed and take n eff such that 



£ fog 11/^(1)110 -bgfy-,) 



< 



for 



all / e U. Moreover, using Pt op (f, ' 



Ptop(/,0)-Ptop(/,0) 



< 



log A by triangular inequality we get 
/, (l)[[o-log(A/^) 



— log 1 1 r i ° 

n 

— log 11/^(1)110 -log(A w ) 
no 

llog||£«o^(l)||o-^-log||£"° 
no n 



Now, it is not hard to check that, for no fixed, the function U — > C (M, K) 



/ » 1 = 



is continuous. Consequently, there exists a neighborhood V C U of / such that 
|^log||£"V>(l)llo - ^log|j£"° /i0 (l)||o| < e/3 for every / 6 V. Altogether this 

proves that |Ptop(/j 0) — Ptop(f, <t>) < £ for all / G V. Since e was chosen arbitrary 
we obtain that both the leading eigenvalue and topological pressure functions vary 
continuously with the dynamics /. Finally, by equation (|3.3[) above applied to 
ip = 1 and triangular inequality we obtain that 



dvi 



dv 



< 2Cr n + 



f,4> f,<t> 



\ —n s>n 

X f,<t> L f,< 



for all 77. Hence, proceeding as before one can make the right hand side above as 
close to zero as desired provided that / is sufficiently close to /. This proves the 
continuity of the density function and finishes the proof of the proposition. □ 

3.3. Spectral gap for the transfer operator in C r (M, R). In this subsection 
we recall the analogous results for the action of the transfer operator in the space of 
smooth observables. In particular we have the corresponding spectral gap property 
for the action of Ruelle-Perron-Frobenius transfer operators in the space of smooth 
observables whose proof can be found in jCVlli Section 5] . 
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Theorem 3.5. There exists < ?*o < 1 such that the operator L$ acting on 
the space C r (M, R) (r > 1) admits a decomposition of its spectrum given by £ = 
{1} U T,q, where So contained in a ball B(0, ro). In consequence, there exists C > 
and t £ (0,1) such that \\C^(p — h<f, J ipdi/j,\\ r < Ct™ \\<p\\ r for all n > 1 and 
i/3 G C r {M, R), where h§ G C r {M, R) is £/ie unique fixed point for 

Let us mention also that by Proposition 5.4 in jCVll] one has that 
Pto P (f,<f>)= lim -log||£ n l|| r 

n— >oa n 

and that the limit can be taken uniform in a C r neighborhood of (/, (f>). This is the 
key fact that will be used later on to prove the differentiability of the topological 
pressure. 



4. Differentiability results 

4.1. Differentiation with respect to the potential. First we fix / and will 

focus on the differentiability questions with respect to the potential <fi. Let W be 
an open set of potentials in C Q (M,R), a > 0, satisfying the condition (P), endowed 
with the C a - topology. For notational simplicity, when no confusion is possible, we 
write simply and omitting the dependence on /. The following results 

hold generally when the transfer operator has the spectral gap property. 

Proposition 4.1. Assume that r + a>0. The map C r+a 3 (j> i-4 G C(C r+a ) 
is analytic, hence C°°. Moreover, for every vectors g,H G C r+a , [ <? || t+q = 1 an d 
for every n > 1, the first derivative acting in H is given by 

n 

(D^(g))\ 4o (H) =J24o( H ■ (<?))• 

Proof. Note that 

00 / 1 \ °° 1 

£ 0+H (.g) = C^{e H g) = ^ M ^9 = + £ • 



i=0 v ' 1=1 



Let us denote by C\ (C r+a , C r+a ) the space of symmetric i-linear maps with domain 
in [C r+a Y into C r+a . Note also that the maps 

c r+a b 4> h. (h h> e c\{c r+a ) 

are continuous for every i G N, and that the product between functions is also 
continuous in C r+a . Therefore for k G N, it follows that 

WC^njg) ~ ^(g) - E-=i (H l g) \\ r+a ^ (g* g ) || r+a 

SUP —7 "~~7 " " < > SUP — ff—7. 7 [71 

||ff||r+a=l Nlr+a||#ll?+a i^l llffllH--=l Ibllr+all^l^+c 

which converges to zero as H tends to zero. By Theorem 1.4 in |Fr79j . this implies 
that (j) i — y is C k , for any k G N, and its fc-th derivative applied in H is £^ (H 1 -). 
Note that this also implies that <fi i— > £^ is analytic. By applying the chain rule to 
the composition i-4 C^(g) we finish the proof of the proposition. □ 

li 



Remark 4.2. Our previous argument implies in particular that for any given g G 
C a (M, M) the map t \-> C t <p is real analytic since our previous arguments lead to 



C^{g) = - tWg) = ^(ff)+£^((l-t)^) + f;^ (h{\ - t)<ftg 



i=0 



i=2 



and the series is convergent. 

Let us mention that |VV10] proved that the sequence i J2]Zo f* v converges to 
the unique equilibrium state /i. Here we deduce much stronger properties funda- 
mental to the proof that the spectral radius of the Rucllc-Perron-Frobenius operator 
varies diffcrcntiably with respect to the potential <f>. We show that (£")*£ converge 
exponentially fast to v for any probability measure £ G Ai(M). More precisely, 

Proposition 4.3. There exists C > and t G (0, 1) sucft t/iat /or every G 
C a (M,M.) and every probability measure £ G .M(M) it ZioZds that 



<Cr n M . 



Proof. The proof is a simple consequence of the spectral gap property. In fact, 



< 



< 



<Cr n \\vh, 



where C and t are given by Theorem 13.31 This proves our proposition 



□ 



Proposition 4.4. The spectral radius map W 3 (!) ^ is analytic. Furthermore, 
given 4> €W and H G C a (M, E) we have: 

DcfrXc/, |,j!, • H = A0 O • J h^ ■ H dv<j, . 

Proof. Note that it is immediate that <f> h-»- A^ is analytic, since <j> >-» £^ is analytic 
(in the norm operator topology), and since the spectral radius of coincides with 
an isolated eigenvalue of C<f, with multiplicity one. Let us calculate explicitly the 
derivative of <f> \-¥ A^. 

Let (j>o G W be fixed. It follows from the C°-statistical stability statement in 
Proposition 13.41 that A^" n £^(l) — > /i^ and that the limit is uniform in a small 

neighborhood W of 4>o- Moreover, since jO!(l)(x) < K for some constant K that 
can be taken uniform in W it follows that h<j, can be taken uniformly bounded 
from above for all <f> G W. Since the sequence >Ca(l) is Cauchy in the projective 
metric it also follows that h$ can be taken uniformly bounded away from zero for all 
4> G W. In consequence, lim^oo i log J" £^1 df^ = log A^, uniformly with respect 
to G W. Hence, we consider the family of functionals F n : W — > ffi given by 

F„(0) = iio g /" r;id^ , 
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which arc well defined and converge to the constant logA^, and prove that the 
derivatives of F n converge uniformly as n tends to infinity. One can write 

Db n {<p)-tL = 



(4.1) 

where A n an averaged sum using the normalized operators = X^C^ defined by 

1 r - 

A n (<t>) H=-l ^£ (£^(1) ■ H) d^ . 

i—1 

Taking into account Proposition 14.31 it follows that 
\A n {4>) ■ H - - I ^(1) ' Hdv* ■ [ M^o I 

i—1 

1 n 1 n 

<-J2 kr l ■ \\C;-\l) ■ H\\ (t- + II^Ho) • \\H\\o 



n ' f n 

i=l i=l 



which is uniformly convergent to zero with respect to <fr and unitary vectors H G 
C a {M 1 R). Furthermore, 

— ^ j /^(l) ■ Hdv<j, ■ j h t j } dv t j }a ■» / h^-Hdvif,- j h^dv^ Q 

71 i=0 ^ ^ n-Hx> J J 

and this convergence is uniform with respect to <fi e H . Since J £^ 1 dv$ converges 
to J h^disfa uniformly with respect to <j>, we obtain that 

DF n (4>).H= A ^f\ H -> fh,-Hd^ 

where the convergence is uniform with respect to <j> and H G C a (AI, R) satisfying 
\\H\\ a = 1. Now, just observe that e F ™^ is diffcrentiable and uniformly convergent 
to Thus, as a consequence of the chain rule it follows that 

D^X^ |0 O • H = Xfo ■ J h^ Q ■ H dv^. 
This finishes the proof of the proposition. □ 

Since in our context it follows that Ptop (/,</') = logA/,^ and the arguments in 
the later proof lead to the following immediate consequence: 

Corollary 4.5. The map W 3 <p i— > Ptopif, </>) is differentiable. Furthermore, given 
4>q eW and H G C a (M,R) we have: 

D<f>Pto P (f, <j>) |0 Q • H = J h<f, ■ H dv^ Q = J H d^ . 



From Proposition 13.41 the invariant density is Holder continuous function and 
varies continuously in the C°-topology. Here we show that it varies diffcrcntiably 
with respect to the potential. 
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Proposition 4.6. The map W 9 (/> 4 li^ 6 C°(M, R) is differ entiable. Further- 
more, given <f>o £ W cme? G C a (M, R) we have: 

Dtphj, | 0O • H = hfo ■ [(I - £ 0O | Eo ) _1 (l - V)] • # d ^o- 



Proof. Let </>o £ W be fixed. By the C°— statistical stability Theorem we have 
that Ay (p^j (p 

1 converges uniformly to hf^ with respect to respect to (j) in some 
suficicntly small neighborhood W of <pQ. Hence, consider as before a a familly of 
functionals F n : W — > R given by F n (<p) = Xj 7 ^ ^1. We claim that the derivatives 
of F„ are uniformly convergent. Indeed, taking into account Proposition ^. 41 for the 
derivative of the spectral radius one can write 

DF n {ct>) ■ H = X^D^l^ ■ H - n\- {n+l) £J1 • £>^A W • H 



n „ 



(4.2) 



We now prove that the later expression is uniformly convergent (with respect to tfi 
and {H £ C a (M,R) : \\H\\ a < 1}) to the scries VES J ' h ~ h >l> ' h ) dv <t>- 

On the one hand, 

n— 1 „ /• n— 1 

h <f>-J2 ^U 1 ) ■ H - h * ■ H ) dv * = h <t> ■ / £ A( x -K)- H 

i=Q J i=0 

-+v/ [(/- 4 \ Eo )~\i - M ■ H dp* 

as n tends to infinite. On the other hand, using (|4.2[) one can write 

n — 1 „ „ 

DF n (<t>) -H-h^Y, -H- h^-H}d^ 

i=o J 

= Y / £^[£ n ^(l)H-£;-\l) I h^H dvt-h* f(C;-\l)H-h^H) d^] 
i=i 

and is equal to a sum E»=i ^(Cn) where the functions have zero mean average 
with respect to the conformal measure v$. Therefore it follows from Theorem [ 
that there exists C > and < t < 1 such that 

\\DF n {$) • i? - V E / [4(1) -H- I h^H] dv4,\\ 

^Crl^^ff -£^(1) J h^H dv,-h^ J{ll-\l)H-h^H)d 



'(ffo/"-*)-^ 



+ ]T Crl^-Xl) ■ j h+-Hd»+-h+' j 

2—1 

<^C 2 r".||i7|| -(l + ||^||o) 2 , 



£»-(Ho/«-)^|| 
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which is convergent to zero. Since all convergences above are uniform with respect 
to <j) and H G C a (M, R) with \\H\\ a < 1 the previous estimates prove our claim. 
Now we can finish the proof of the proposition by estimating 

DF n (0)-H^ J [(I-C^^il-h^-Hdvfht, 

uniformly with respect to <fi an d H G C a (M, M), \\H\\ a = 1. Thus we deduce that 

D^h^ |^ H = hfo ■ J [(I - £<f, | Eo ) _1 (l - hfo)] ■ H dv<f, , 

which finishes the proof of the proposition. □ 

Now we use the previous information to deduce that the conformal measures 
are diffcrcntiable. The precise statement is as follows: 

Proposition 4.7. Let g G C a {M, R) be fixed. The map W 3 4> h-> j g dv^ is 

differentiable. Furthermore, given ^6 W and H G C a (M, R) we have: 

D<t, J g d^ \fo-H = J(I- £ 0O | Eo ) -1 ^.9 - y g dv^ a ■ ■ Hdv^. 

Proof. Fix any g G C Q (M, R) and <^>o G W. Since we deal with differentiability 
conditions it is enough to consider the sequence of functionals F„ defined in a small 
neighborhood W of </>o by 

J h 4> dv 4>o 

If the neighorhood W is small enough then we have that F n {(f)) converges uniformly 
to J g dvfy. Moreover, for any H G C a (M, R), it is not hard to check that 

DF n (cf>).H= 1 ^L-B n (<j>) 
J h^dvfo 

where the formal series A n and B n are defined as 

A n {4>) ■ H := f [J2^(C;~' l (g) ■ H) - n f V Hd^ ■ C n ^g]d^ . 
J i=i J 

and 



B n {4>)-H 



I h^dvfo 

respectively. We proceed to establish the uniform convergence of these formal series. 
First we note that as before one can write 

n— 1 ~ / ~ \ . 

htjjdv^o 



= E /4 (V^tf - ^~*i3) J h * H dv * 

(Cl~\g)H - I gdv^h r f > H)dv l i > h lt> dv^. 
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Thus, proceeding as in the proof of Proposition 14.61 we get that 

A n (0) ■ H - J2 J H-j gd V<t> ■ V # ) dv$ ■ J 



v <j>\\ 



is bounded from above by 
f^kr' C n f\g)H-C;-\g) J h+H dv*- I \l n f l (g)H- J gdv^H)d V ^ 

2—1 

n „ 

< kT*\\C n f l (gH o /»"*) - ] H I C^igH o /»-«)<* 

+ Y,kT l \\C n f l (g) f h^H dv4 - f gdv^ f h^H d 
i=i J J J 

n 

<E fcVl |l5llo-||^llo-(l + ||^||o) 2 , 



which is uniformly convergent to zero with respect to </> and unitary vectors H G 
C"(M, R). Thus we get that A n (4>) ■ H is uniformly convergent to 

Y.J (c^(g)-H-J gdv^ -hfHj dv$ ■ J h^dv^. (4.3) 

As for B n it is not hard to check that B n ((f)) ■ H is uniformly convergent to 
JiD^h^ |0 • H)dv$ Q ■ J gdv^ 



J2 I -H-hfH)dvf I gdv^ (4.4) 

i=0 



uniformly with respect to <j> and H G C a (M,M) : \\H\\ a = 1. Therefore the result 
follows by combining equality (|4.1[) above with the limit scries (|4.3I) and (|4.4|) since 
DF n (cj))-H is uniformly convergent with respect to (/> and H G C Q (M, R), ||iJ|| Q = 1 
to the expression 

/ 1/^(5) / ff^'M] -Hdv^ = / [(/-£,*, |B )(ff- / gdvfhtj,)] -Hdv^. 

i=0 

Thus we get as claimed 

J gdv^ | 0O H = J [(I - £ 0O | Eo ) _1 (.9 - J gdvfo ■ h^)] ■ Hdv^. 

□ 

We will now deduce the differentiability of the equilibrium states with respect 
to the potential <f>. In fact, using that = the following consequence is 

immediate from our previous two differentiability results. 

Corollary 4.8. Given g G C a (M, R), the map W 3 4> n- J g d\i$ is differentiable. 
Furthermore, given </>o G W and if G C a (M, R) we /iawe 

L» Jgd H ^ Q -H = j(I- £ 0O ibJ" 1 U • /i 0o - J gd^ Q ■ h^j ■ Hdv^ 
+ J ' gd/j.^ J [(I - Cfo | Bo ) _1 (l - hfa)] ■ Hdufo. 
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4.2. Differentiability of the topological pressure with respect to the dy- 
namics. In this subsection we prove the differentiability of the topological pressure 
using the differentiability of inverse branches for the dynamics. More precisely, 

Lemma 4.9. (Local Differentiability of inverse branches) Let r > 1 and f : M — > 
M be a C -local diffeomorphism on a compact connected manifold M. Let B = 
B(x, 5) C M some ball such that the inverse branches fi, ■ ■ ■ , f s : B — > M are well 
defined diffeomorphism onto their images. Then f (f\, . . . , / s ) is a C r ~ 1 map. 

Proof. Let F : C r (M,M) x [C r - 1 (B,M)] S -> [C r - l (B;M)] s given by 
F(h, hi,. . . , h s ) = (h o hi, . . . ,h o h s ). 

—h 

Note that F is C r . In fact, on one hand, dhF is C°° (in suitable charts, we see 
it as a continuous linear map in h). On the other hand, by taking an increment 
H = (Hi, . . . , H s ) G [C r - 1 (B; M)] s , we obtain that d hj F ■ Hj = h! o hj ■ H h which 
is clearly a C r ~ 1 map. 

Note that F(f, fi, . . . , f s ) = (id, . . . , id). For the point (/, fi, . . . , f s ), we have 
that dhF(f, fi, . . . , f s ) ■ H = (f o f x ■ Hi, ...,/' o f„ ■ H s ), is an isomorphism, 
since / is a local diffeomorphism and so [/' o gi(x)] is invertible, for any x G M. 
Therefore, by Implicit Function Theorem, we obtain that the map G : C r (M, M) — > 
[C r ~ 1 (B, M)] s given by / M> (fi, . . . , f s ) is a C r_1 map, and its derivative applied 
to an increment h G C r (M, M) is 

(DG ■ h)(x) = (-f[(x) • h o fi(x), . . . , -f' s (x) ■ h o f s (x)) 

This finishes the proof of the lemma. □ 

Using the differentiability of the inverse branches we can now establish the dif- 
ferentiability of the transfer operator with respect to the underlying dynamics. 

Lemma 4.10. (Differentiability of transfer operator) Let r > 1, / : M M be a 
C r -local diffeomorphism on a compact connected manifold M and <f> G C r (M, M) be 
any fixed potential. For any g G C r (M, R) the map 

C r (M,R) -> c r - 1 (M,m) 

is differentiable. 

Proof. Let {(fj,j = 1, . . . , 1} be a C°° partition of unity associated to some finite 
covering B x , . . . Bi of M by balls with radius smaller or equal to 5 > and de- 
fine the auxiliar operators Cj = Cjj,c/> '■= £f,<t> ' <Pj- in particular it holds that 
£f-<t> = Sj=i £j- Therefore, all we need to prove is that any auxiliar operator Cj 
is pointwise differentiable. Let us write B = Bj and recall that ipj vanishes outside 
B. We also write fi, . ■ ■ , f s for the inverse branches of / in B, and let us write 
T L = df fi, for i = 1, . . . , s. Therefore, we have: 

£i(ff)=I>(/i)-e*(/i)^ 
i=i 

which implies that dfCj(ip) ■ H = J2t=i(9 ' e ^Y ° fi ' ' H\ ' <Pj i s differentiable. 
This finishes the proof of the lemma. □ 



17 



Proposition 4.11. Let r > 1 and <fi,g e C r (M, R) oe /ixed. Then, the map 
Diff[ oc 3 f H- ^(g) G C r_1 (M, R) is differentiate. Furthermore, given H G 
C r {M,M), g x ,g 2 G C r (M,R) and f 6 R ii Zio/ds 

i) W»)|/o ' # = ElLi 4^ D / £ /^/o~>))|/o ' H); 

ii) t/iere exists c/ > so £/ia£ ||£>/£/ 0(ff)|/ o • -ff ||o < c / 0IMI1 11-^ 111/ 
ni) DfC^g! + tg 2 ) {fo ■ H = D f q^( 9l ) lfo ■ H + tDfO}^)^ ■ H; 
iv) if(f) = 0, then D f C n f (\)\ fo ■ H = 0. 

Proof. For notational simplicity set Cf = Cf,^- Then i) is obtained by induction. 
The case n = 1 follows from the previous proposition. Now suppose the formula is 
valid for n, then using the induction assumption 

£?+y<7) = C fo (Cl +H (g)) + D fJ C f \ fo (C% +H (g)) ■ H + o(H) 

n 

= C f0 (c%(g) + £ Cy o \D f C f {q;\g))\ h ■ H) + 6(H)) 

i=l 

+ D f C f \ fB (Cl +H (g))-H + o(H) 

n 

= C f0 (q {g) + £ £)-\D f C f (q;\g))\ fa -H) + 6(H) 

i=l 

+ D f C f \ fo (q o (g))-H + D f £ f \ fQ (D f (£](g)) lfo • H + o(H)) ■ H + 6(H) 

n+l 

= C fo (C%( 9 ) + J2 ^\D f C f (Cf o +1 ^(g)) lfo ■ H) + 5(H), 

i=l 

where o(H), d(H), o(H) are terms converging to zero faster than \\H ||. This finishes 
the proof of i). Part ii) is obtained by straightforward computation using the explicit 
formula from the previous proposition, while part iii) follows using that 

q +H ( 9l + 1 92 ) = q +H ( 9l ) + tq +H ( 92 ) 

= C]( gi ) +t£](g 2 ) + D f q(gi) ■ H 
+ tD f C n f (g 2 ) ■ H + n(H) + r 2 (H) 

for r\(H),r 2 (H) that tend to zero as H aproaches zero. Finally, part iv) follows 
immediately from the fact that CJ(1) = deg(/) n and that deg(/) is locally constant. 
This finishes the proof. □ 

Throughout, / will denote a local diffeomorphism satisfying (HI) and (H2) and 
<fi a Holder potential such that (P) holds. 

Lemma 4.12. For any probability measure rj, the topological pressure Ptop(/, 4 1 ) * s 
given by 

P top (/,0)= lim ilogl"/ C n f<p (l)d v 
In particular, for any given x G M 

1 



Pi 



UA)= I™ -log[£^(l)(x)]. 



top 

Proof. Since the second assertion above is a direct consequence of the former one 
with rj — Sx the Dirac measure at x it is enough to prove the first one. Let r/ be 
any fixed probability measure. Recall that the topological pressure is the logarithm 
of the spectral radius of the transfer operator that is, Ptop(/, 4>) — logA/,0. 
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Moreover, since Cf,<f, is a positive operator then the spectral radius can be computed 



as 



n— »+oo V J ,r n— >+oo V J ' v 

Using that the functions XJ j ^(1) are uniformly convergent to the eigenfunction 
which is bounded away from zero and infinity one has that there exists K > 
and no > 1 such that -FT -1 < AJ^ C£j(l) < K for all n > no. In consequence, we 
get 

lim -log f \J%£l f (l)dr) = 0, 

n— >oo n J 

which proves the lemma. □ 

The next lemma will be fundamental to study the differentiability of equilibrium 
states. In fact we show that the topological pressure is diffcrcntiable once that one 
requires smooth potentials. 

Lemma 4.13 (Differentiability of Topological Pressure with respect to dynamics). 
Let (j) be a fixed C l+a potential on M satisfying (P'). Then the topological pressure 
function P^ : J- l+a (M) — > R given by P$(f) = Pt op (f,4>) * s differentiable with 
respect to f . 

Proof. As <f> is considered fixed, for simplicity, we will write Vf for the conformal 
measure Vf^ associated to / and the potential cf>, and we will also use £/ for the 
transfer operator Cf^. By the last lemma we are reduced to prove the differentia- 
bility of the function 



/ i V P(f, 4>) = lim - log f C](l) dv h 
n->+oo n J 3 



for some fixed fo- We will use derivation of sequence P n (f) = ^ log J £j[(l)dvf, 
which converge to the topological pressure of / uniformly in a small neighborhood 
of /. By the chain rule, the derivative of P n with respect to / is given by 

D P(f) _d Pn vfoUgm) 

This yields that 

jD f C](l) ir (H)du fo 



D f P n (f) ■ (H) = 



n-j£ n f (l)dv fo 



n-fJP f (l)dv fo 
In fact the later can be written also as the sum 

/ E"=i SS (/ * } e^ ( -» ■ DCy\l\j.^ ■ [(T. |r g)(-)]) dv fa 

JS=i^(ES (/1 ^»> •£p(l)(/ i (-)) -D4> m ■ [(T. |r F)(/,-(0)]) du h 



n-jJL,yi)dv h 



(4.5) 
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To analyze the previous expressions we consider the three sums below 

, „ n dcg(/) 

B n {f)-H=- ■ DCy\l) ]h( . y [{T ]]r H){-)]) d Vf0 

i=i j=i 

and 

C n (f>H=- / E4 _1 ( E ^^"^^(^(^(O)^!/^.)^!/^)^^-))])^- 

To establish our result we will use the following: 
Claim 1: B n (f) ■ H is uniformly convergent on (/,</>) and H £ C 1+a (M,M) with 
\\H\\ 1+Q < 1 to the series J^fJ^ e^ (,)) -^/ 1 ^ (0 -[(r i |/-^i)(0]d»'/-/^/o- 

Claim 2: C n (f) ■ H is uniformly convergent on (/,</>) and 7? S C 1+a (M, M) with 
II-^IIi+q < 1 to the expression 

. dog(/) 

/ E e0(/j( ' }) • • ^|/ 3 (.) • [(^1/ ■ H)(/ 3 -(-))] &7 • / h u du f0 . 

J 3=1 J 



We notice that our result will be a direct consequence of the two claims above. 
Indeed, using (|4.5p it follows that 

DP n (f)-(H)- BM) ' H ■ 



X f f£" f (l)du fo \ f f£" f (l)dv f0 

Moreover, using that J £^(l)dz// converges to J ^duf and the uniform limits 

given by Claims 1 and 2 are we obtain that DP n (/) • H is uniformly convergent on 
(/, (j)) and H £ C 1+a (M, M) such that || = 1 to the sum 

. deg(/) 



X lJ E ^• )) -Oh m( . y [{T J]r H 1 ){.)]d Vf 

J 3 = 1 

r deg(/) 

+ x uj E ^ ( - )) -^^/iO)-^. ( o-[(%^)(/i(-))]^ / - 



J=l 

Hence 

deg(/o) „ 

£>/A w 1/0,0 • # = E / ^^^^a^i/ojoIWia • #)(•)] <*"/„,*, 

3=1 J 
deg(ftt) . 

+ E / e ^ ( ' )) ^o^(/o,i(0)^|/o, j (0[( T ,1/o-^)(/o,i(-))]^/o- 



3=1 



2(1 



which proves the lemma. Therefore, in the remaining we prove the previous claims. 
First we prove Claim 1. Observe that the following uniform convergence holds 



i-l ,dcg(/) 



i=0 17 j=l 



, dog(/) 

> / 2 ^ ( - )) -^/,,|/ J (0-[(%^)(-)]^/, r / h u du f0 , 

3 = 1 



Moreover, one also has that 



-1 „dog(/) 



t=0 J j=l J 
1 n „ dcg(/) 

^-E| / E e^W) I3 ^-« (1)|ii(o[(rj|/ .fl )( . ) ] d( ^i I/A) 

r dcg(/) 

" / E e^^^-d)^,,^,;.^^]^- h u du f0 

3=1 

n 

<-J2kT i - 1 deg(f)\\e% max . {\\(T.j ■ H)\\ } ^{1)^ 

n i=1 l<J<dcg(/) J 

n 

^ -E fcri " ldc g(/)ll e0 ll° max .{ll( T i|/- H )llo}[*r n - i + ll^l|i] 



n " l<J<deg(/) 



which is uniformly convergent to zero with respect to (/, <j>) and all H G C 1+a (M, M) 
with ||iJ||i +Q < 1. This proves Claim 1. We now proceed to prove Claim 2. 



-E / E ^ ( -»4(i)(/ i (0)^ l/j( . ) [(T. 1/ .ff)(/ i (.))]di/ /i ^ /^di/ /0 

t=0 J 3=1 



> 

n— >+oo 



de 9 (/) 

E ^'• )) />/ i 4(-))% j(0 -[(T J .| r fi)(/ j (-))]«i/ / - / ^di/ /0 , 

i=l 
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uniformly with respect to (/, <j>) and H . We have that 



n—l „deg(/) 



C ^)- H -\Y,I E ^ ( - )) r)(l)(/,(-))^|/ 3( . ) [(T j|rJ ff)(/ J (-))]^ / / ^A/ /o 

»=0 J i=l J 
, n „ <teg(/) 

<T E e^«)^- i (l)(/ J -(0)^| /j( . ) [(T. |/ .F)(/ J -(0)]d(£y-V / J 



i=i - j=i 

deg(/) 

^ e*^W)£r i (l)(/ J -(.))i3^ |/ . c . ) [(T l/ . 5)^(0)] / h W di/ /0 

3=X J 
deg(/) 



1 " °" ' 

i=i j=i 

n 

^ - 51 C-fc^" 1 dcg(/) - || e ^||o ■ ||^-^(l)||o 

2—1 
1 " 



n ■ 

i=l 



where C = ||0||i • max. =1 : ... :dcg( /){|| • ff)(/j(-))]llo}- Since the later expression 
is uniformly convergent to zero with respect to (/,</>) and H € C 1+a (M, M) such 
that \\H \\i+a < 1 this proves Claim 2 and finishes the proof of the lemma. □ 

Corollary 4.14. The topological pressure Pt op ■ J- 1+a x W 1 + Q — y K is differen- 
tiable. 



Proof. Just note that the derivatives calculated in Corollary 14.51 and in the Lemma 
above are partial derivatives for the function Pt op (/, <f>), and jointly continuous with 
respect to both variables / and <j>. 

□ 

4.3. Differentiability of maximal entropy measure with respect to dynam- 
ics. In this section we deduce the diffcrcntiablc dependence of the thcrmodynamical 
quantities on the dynamical system. Through this section we deal with maximal 
entropy measures and henceforth we fix the potential = and fix fo local diffco- 
morphism satisfying (HI) and (H2). Recall that for every C 1 local diffeomorphism 
/ satisfying (HI) and (H2) we have maximal eigenvalue A/ = deg(/), eigenfunction 
hf = = 1 and conformal measure Vj = /if for the Perron- Frobcnius operator. 
In particular, the entropy ht op (f) = logdeg(/) is constant. Now we can establish 
that the transfer operators arc diffcrcntiablc with respect to the potential 4> and 
the dynamical system /. 

Let r G No and a £ [0, 1) be such that r + a > 0. It follows from Theorems 13.31 
and [33] that all transfer operators £ f : C k+a (M,R) — » C k+a {M,R) have the 
spectral gap property for k + a e {a,l + a, . . . ,r + a} D R5_, provided that / 
is sufficiently C r+a -close to fo- In consequence, it is not hard to check that if 
E oT = {-9 e C k+a {M,R) : JgdUf = 0} then C k+a (M, R) = {£h f :£e R}®E k + a 
is a ^/-invariant decomposition in C k+a (M, R). Furthermore there arc constants 
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Cf t k+ a > and Tf t k+ a S (0, 1) such that for all g G E^ + f a it follows: 

ll^sllo < C Lk+a rl k+a \\g\\ , for all n > 1. 

Set Cf = max{C/.fe+Q, : k < r}, r/ = max{ry.fc +Q , : fc < r} and recall that these can 
be assumed uniform in a neighborhood of f - Consider also the spectral projection 
pk+a . C k+m( M ^ R ) _j. s fe+« givcn by P fc + a ( 5 ) = g dv s . In what follows, when 

no confusion is possible we shall omit the dependence on / in the corresponding 
subspaces and spectral projections. 

Theorem 4.15. For any g G C r+a (M,M.) the map T r+a 3 f >->■ / g dfi f is 
C 1 -differentiable and its derivative acting in H G C r+a (M, M) is given by 

CO „ 

D f n f (g)\ /o H = J2 D f C f (C) o (P (g)) ) • H d Na . 
i=0 J 

Proof. Let g G C r+a (M, R) and fo G T r+a be fixed. We define a sequence of maps 
F„ : J rr + a — > R given by F n (f) = J £*(<?) dfif and notice that F n (f) is convergent 
to J gd^if, whereas the convergence is uniform in a sufficiently small neighborhood 
of f . Moreover, if H G C r+a {M, M) then 

n — 1 „ 

£>F n (/) H = J2J Cy\D f C f {C}-\g)) • H) d M/o 

?'— 1 

= £/ (/ S^/ + £/~Ws))) -^)^/„ 

n — 1 „ 

= E / C^iDfCfiq-^Poig))) ■ H) dfif . 

1=1 

On the other hand, since we assumed 4> = then /ij = Uf and C^fJjf — Thus, 

n— 1 „ n— 1 „ 

£ / DfCfiq-'iPoig)) ■Hd l i f = Y, D f C f (C n f - l (P (g)) ■ H d H 

i—1 i—0 

and 

n— 1 /» n— 1 

E i / %^/(4( P o,/(.9))) -#^/l<E 11^/(4(^/0?)))/ -h\\o 

— n J i=0 

n-1 

<^||4(Po,/(3))||i-||^||i- C/ 

i=0 
n-1 



i=0 i=0 

n-1 



that is bounded from above by x J r ■ 2\\g\\iCf\\H ||i. Moreover, since C/, tj and 
may be taken uniform in the neighborhood of fo we get the previous upper bound 
is uniform on the unit sphere of C r+a (M, M). This implies that the limit 

n-1 



ft^E / D f C f (Cp(P Q (g)))-Hd H , 



2:1 



does exist and is uniform with respect to the dynamics and the unit sphere of 
C r+a (M, M). We proceed and estimate 



n-1 



\DF n (f)-H-^2 f D f C f (C n f -\P (g)))-Hdf, f \ 

i=l 

n—l i- „ „ 

= E / Cr\D f C f {C n f i {P {g)))-H)d l if - J D f C f {C n f\P (g)))-Hd N - 

n~ 1 r „ „ 

= E / D f C f (C n f\P (g))) ■ Hdt;-\ No )- / D f £ f (£"f*(P a (g))) ■ Hdfif 
i=l ^ J 
n—l n—l 

< E^r l2 n^/(^r( p o(9)))^iio < e;^/ -1 •2ii^- i (i%(fl))iiic / ii^iii 

i=l i=l 
n-1 



which converges to zero. ThuslimZ)F n (/).ff = EL// D f^f^T^ P °^' H d/J f 
uniformly with respect to the dynamics / and the unit sphere of C r+a (M, M) . One 
can deduce that for all / close to /o the sequence F n (f) converges uniformly to 
J g dfif and the sequence DF n is also uniformly convergent to the linear continuous 
functional defined above. We conclude that 

oo „ 

DfVf(g)\f ■ H = E / D f C f (C} o (P (g))) ■ Hdfif . 

~ n •* 



2 = 



This finishes the proof of the theorem. 



□ 



At this point we have proven Theorems [Al to [Dl Concerning the differentiability 
results it remains to prove Corollary [B] This is a consequence of the following 
auxiliary lemma. 

Lemma 4.16. Let X and A be metric spaces such that X is compact and (?7a)a£A 
is a collection of probability measures in X so that A 3 A i— > r]\ is continuous in the 
weak* topology. If X i— > "0(A) G C {X, R) is a continuous mapping in the supremum 
norm then AbAh> /"0(A) dr]\ is a continuous transformation. 

Proof. Let Aj 6 A be arbitrary and fixed. Given A € A, using the triangular 
inequality we can write 



■0(A) di] X - / -0(A O ) dr) Xo 



< 



0(A) drjx - / 0(A O ) dnx 



0(Ao) drjx - / 0(A O ) dr)x 



< ||0(A) -V(Ao)||o + 



^(A ) drjx - / -0(A O ) drjx 



which can be taken arbitrary small provided that A is close to Ao- This finishes the 
proof of the lemma. □ 
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5. Free energy and large deviations 



In this section we prove the differentiability of the free energy function and 
deduce some further properties for large deviations. 

5.1. Free energy function. First we establish some properties of the free energy 
function as consequence of the spectral gap property. Recall that a potential tp : 
M — > M. is cohomologous to a constant if there exists A G K and a potential 
ip : M — > R such that ip = ipof — tp + A. Now we prove the following: 

Proposition 5.1. Let f and (p satisfy assumptions (HI), (H2) and (P). Then for 
any Holder observable ip : M — > K there exists t^, > such that for all \t\ < the 
following limit exists 

£ M (t) := lim -log f e ts ^ dfi <l> = P top (f,<t> + tiP)-P top (f,<j>). 

n— >oo n J 

Moreover, if tp is cohomologous to a constant then t t— S> &f,i/>(t) is linear and, oth- 
erwise, t i — y £f^(t) is real analytic, strictly convex. Furthermore, if (f,4>) satisfy 
(HI), (H2), (P'), then for every fixed t 6 K the function F l+a 3 f (->■ E fM ,{t) is 
differ entiable and F l+a 3 f i— > £'^(t) is continuous. 

Proof. This proof goes along some well known arguments that we include here for 
completeness. Observe first that for all n G N 

e ts ^d^ = J XjZCl+foe* 8 **)^ 



Since (P) is an open condition, then for every |i| < t$ the potential <p + tip satisfies 
(P) provided that t^, is small enough. Since hf^ is positive and bounded away from 
zero and infinity this implies that XJ 1 ^^^ Cj ^^(hf^) is uniformly convergent to 
hf,4>+ttp, thus uniformly bounded from zero and infinity for all large n. Therefore 
using the dominated convergence theorem 

lim - log / e ts ^' d^ = log Xfj+ty ~ log X M = P top (f, <p + tip) - P top (f, <p), 

n— >oo n J 

proving the first assertion of the proposition. Now, assume first that there exists 
A G R and a potential ip : M — > M. such that ip = tp o f — tp + A. Then it follows 
from the variational principle and invariance that 

P top (f,<P + tip) = sup (m/)+ [[<!> + ty] dp 



= tA+ sup <^ hptf) + / (pdfi 

= tA + P top {f, <P) 

and, consequently, £f^(t) = tA is linear. 

Now, it remains to prove that if ip is not cohomologous to a constant then the 
free energy function is strictly convex. Since t i— > Pt op (/,</> + tip) is real analytic 
(recall Remark |4. 2 [) then to prove that 1 1-> £f^(t) is strictly convex it is enough to 
show that £'l ^(t) > for all t. Assume that there exists t such that £'J ^(t) = 0. Up 
to replace <p by the potential <p = <p + tip we may assume without loss of generality 
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that t = 0, that is, £'J JO) = 0. Hence, using Corollary 14.51 and differentiation 
under the sign of integral we obtain 

S M (t) = J tdfrw = Jim 

(hence £ ^ ^,(0) = J ip d/i^). Using Theorem B and differentiating again with respect 
to t under the sign of integral it follows that 



S'l^t) = Jim 1 



>oo n 



> 



(hence £/',/, (0) = lim, woo ^[/(S'nV) 2 ^ - (/ S n ipdfj,) 2 ] > 0) because, if /i„ = 
e* "^dfij, the inequality is equivalent to / S n 4>dfJ, n < (f (S n "4>) 2 dfin)" 1 (f IdfXn)? 
that holds by Holder's inequality. In particular, £'I ^(t) = if and only ?/> is coho- 
mologous to a constant. Since the topological pressure is diffcrcntiablc with respect 
to the dynamics the proof of the proposition is now complete. □ 

Remark 5.2. We also note that if (f,4>) satisfies (H1),(H2),(P), then for every 
fixed t the functions T 3 f H» £f^,(t) and T 3 f M> £'^ ^(t) arc still continuous. 

The following simple lemma illustrates some characteristics of the behaviour on 
the free energy function and follows directly from the definitions. For that reason 
we shall omit its proof. 

Lemma 5.3. For any Holder continuous potential ip, the free energy function 
{—t^,t^} 3 t — > £f^(t) satisfies: 

(1) £ M (0) = 0; 

(2) HnfV> < £f,ip(t) < isup-0 for all t <= (0,*^]; 

(3) tsupip < £f,tp{t) < iinf i/> for all t 6 [— £^,,0). 

In what follows assume that ip is not cohomologous to a constant and that 
m = ftpd^ = 0. Therefore, since the function \—t^,t^\ 3 t — > £f ^(t) is strictly 
convex it is well defined the "local" Legendre transform If ^ given by 

I fA s )= su p { st - £/,</>(*)} • 

— t^i <t<tTl, 

This is a convex function since it is supremum of linear functions and, using that 
£f^ is strictly convex we get that 7/^ > 0. Moreover, by Jensen's inequality one 
has that £f,^(t) > tm, that is, mt — £f,^(t) < 0. 

In particular, since the free energy function is differentiable then we have the 
variational property that If^(£j ^(t)) = t£'j^(t) — £f,ip(t) and the domain of If^, 
contains the interval [£'(A— £'j ^ (t^)]. Moreover, If^(s) = if and only if 
s = m belongs to the domain of J/,^, and m is the minimum of the positive convex 
function If^. It is also well known that the strict convexity of £f^ together with 
differentiability of £/,,/, yields that \—t^,,t^\ 3 ( 4 If^{t) is strictly convex and 
differentiable. In fact we collect all these results in the following: 

Lemma 5.4. Let f G J- be arbitrary and let ip be an Holder continuous observable. 
Then the rate function It^ satisfies: 

(1) The domain [£j ,(— t^p), £'* ^,(£i/>)] contains rnf^ = J ip d^f,<j>; 

(2) If t ip > is strictly convex and J/^(s) = if and only s — J ipdfif^; 

(3) s i — y If,ip(s) is real analytic. 
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5.2. Estimating deviations. Now we use the previous free energy function to 
obtain a "local" large deviation results. In fact, the following results hold from 
Gartner-Ellis theorem (see e.g. |DZ98j ) as a consequence of the differentiability of 
the free energy function. 

Theorem 5.5. Given any interval [a, b] C [£'j t^), £' f ^(t^)] it holds that 



and 



limsup — log/u [ x G M : —S n ip{x) G [a,&] < — inf It ibis) 

n^oo n \ U J 8£[a,b] ' 

lim inf — log tu (x G M : —S n ib(x) G (a, b) | > — inf If j,(s) 
n->oo n v \ n J «e(o,6) 

Furthermore, in this context we can deduce extra regularity of the large devi- 
ations rate function. In fact, as a consequence of our differentiability results we 
conclude the following. 

Corollary 5.6. Let ip be a Holder continuous observable. Then, there exists an 
interval Jcl such that for all [a, b] C J and f G J- l+a it holds that 

limsup — log u <k ( x G M : —S n ip(x) G [a, b] ) < — inf I f ,w,(s) 

n->ao 71 V n J s£[a,b] 

and 

lim inf — log uj, [ x £ M : —Sntpfx) G (a, b) I > — inf If^(s) 

n^oo n \ n ) se(a,b) 

Moreover, if V is a compact metric space and V 3 v M> f v G T is an infective and 
continuous map then the rate function (s,v) \-> If v ,i/>(s) is continuous on J xV. 

Proof. Fix fo G F l+a . We obtain a large deviation principle for Birkhoff averages 
on subintervals of a given interval [£'* ^(—tiff), £'f ^ {t^)] given by Theorem 15.51 
Observe that the interval [£'* t$), £'t ^,(t^)] is non-degenerate and varies contin- 
uously with / G J- 1+a and ip. Hence, we may take a non-degenerate interval J 
contained in all intervals [£'f t ^,(—t^),£f^(t^)] for all / G J rl+Q sufficiently close to 
fo- This proves the first assertion above. 

Finally, from the variational relation using the Legendre transform and the con- 
vexity of the free energy function (that is, £'j ,^{t) > for all t) we get that for any 
s G J there exists a unique t = t(s, v) such that s = £'j v ^(t) and 

If«,i>{ 8 ) = s ' *( s i v ) ~ £f,ip(K S ' v ))- 

Now, we consider the continuous skew-product 

F :V x J -> V xR 
(v,t) ^ (v,£' M {t)) 

and notice that it is injective because it is strictly increasing along the fibers. 
Since V x J is a compact metric space then F is a homeomorphism onto its image 
F(V x J). In particular this shows that for every (v,s) G F(V x J) there exists 
a unique t = t(v, s) varying continuously with (v, s) such that F(v, t(v, s)) = (v, s) 
and s — £'^ ^(t). Finally, relation (|5.1|) above yields that (s,v) n> If v ,ip{s) is 
continuous on J x V. This finishes the proof of the corollary. □ 

It is not hard to check that the rate function is real analytic with respect to the 
potential. However, since the proof is much simpler than the previous one we shall 
omit it and leave as an exercise to the reader. 
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6. Examples 



In this section we provide some possible applications to the study of thermody- 
namical formalism and large deviations of some relevant classes of non-uniformly 
expanding dynamical systems. 

Example 6.1. Let fo : T d — > T d be a linear expanding map. Fix some covering U by 
domains of injectivity for fo and some Uo G U containing a fixed (or periodic) point 
p. Then deform f Q on a small neighborhood of p inside Uq by a pitchfork bifurcation 
in such a way that p becomes a saddle for the perturbed local diffcomorphism /. In 
particular, such perturbation can be done in the C r -topology, for every r > 0. By 
construction, / coincides with fo in the complement of Pi , where uniform expansion 
holds. Observe that we may take the deformation in such a way that / is never 
too contracting in Pi, which guarantees that conditions (HI) and (H2) hold. Since 
the later are open conditions let T a small open neighborhood of / by C 1+a local 
diffcomorphisms satisfying (HI) and (H2). Since condition (P') is clearly satisfied 
by 4> = one can take W to be an open set of C 1+a -potentials close to zero and 
satisfying (P') with uniform constants. It follows from |VV10[ ICVllj that there 
exists a unique equilibrium state for / with respect to <f>, is has exponential decay 
of correlations in the space of Holder observables and that equilibrium states and 
topological pressure vary continuously with the dynamics. 

Concerning higher regularity of these functions it follows from Theorems IA"1 to [Dl 
that the pressure function (/, </>) i— > P{f, (f>), the invariant density function (/, <j)) i— > 
hf <i> and the conformal measure function (/, <p) t-> Vj^ are analytical in <fi and 
differentiable with respect to /. Furthermore, the largest and smallest Lyapunov 
exponents and the metric entropy of the equilibrium states fj, vary continuously 
with respect to / and (f>. Finally, the unique measure of maximal entropy [if is 
differentiable with respect to /. 

Let us mention an easy modification of the previous example allows to consider 
expanding maps with indifferent periodic points in both one-dimensional or higher- 
dimensional settings. We discuss in detail a one-dimensional important example. 

Example 6.2. (Manneville-Pomeau map) Given a > 0, let f a : [0, 1] — > [0, 1] be the 
C 1+Q -local diffcomorphism given by 

, , , f x{l + 2 a x a ) if < x < \ fa .. 

= ( 2x-l ifi<z<! ((U) 

and the family of potentials ip a ^ = — t\og\Df a \. Conditions (HI) and (H2) are 
clearly verified by f a . Moreover, it is well known that if a € (0, 1) then an inter- 
mitency phenomenon occurs for t = 1 . This no longer occurs whenever t is close to 
zero for any a > as we now discuss in detail. 

Assume first a 6 (0,1]. The family ip a ^ of C Q -potentials do satisfy condition 
(P) for all \t\ < to small since 

\<PaA*)-<P<*Av)\ = \t\og\Df a (x)\-t\og\Df a (y)\\ = |f|log|§^M < |t| Iog(2+a) 

\ D fAy)\ 

Hence, it follows from |CVllj that for all |t| < to there exists a unique equi- 
librium state [i a ,t for f a with respect to (p a ,t, it has exponential decay of cor- 
relations in the space of Holder observables, and that the functions (— to, to) 3 
t i-> Ptop(fa, — t log \Df a \), and (— to, to) 3 t ^ fi a ,t and the Lyapunov exponent 
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(—to, to) 3 t h- > A(/i Qi t) are continuous. Furthermore, it follows from Theorems 1X1 
to [D] that there exists a neighborhood T of f a and W of the constant zero po- 
tential such that the pressure function T x W 3 (/, <fi) M> P t0 p (/,<£) is analytic 
in and diffcrcntiable in / and that the maximal entropy measure varies diffcr- 
cntiably with dynamical system f a . In particular, the maximal entropy measure 
varies different iably with the contact order a of the indifferent fixed point. 

Assume now a > 1. Then f a is C 2+/3 (with j3 = 1 — a > 0) and the potentials 
(fiaj are C 1+ ^. Moreover, |^ t (x)| < |i|2 Q (l + a)a|a;| Q ~ 1 can be taken uniformly 
small, thus satisfying (P'), provided that \t\ < t a small. Therefore our results 
imply that no transition occurs once one considers the order of contact a of the 
indifferent fixed point to increase. Indeed, there exists a C 2+Q -neighborhood T of 
f a and C 1+a neighborhood W of the constant zero potential such that the pressure 
function J- x W 3 (/, <f>) i— > P top (/,</>) and the maximal entropy measure function 
are differentiable on / and analytic on <j> . As a consequence of Corollary [A] we also 
deduce that 

(1, +oo) x [-*„,*„] -» R 

(a,*) ^ i > tqp(/a,-*log|D/ a |) 

is diffcrcntiable. Furthermore, the Lyapunov exponent and the Hausdorff dimension 
of the maximal entropy measure varies continuously with respect to / since 



dim ff (/x/) 



/log|£>/|d M /' 



Finally we give some applications to the study of large deviations. These include 
interesting results for both uniformly and non-uniformly expanding dynamics. 

Example 6.3. Assume that / is C 1+a local diffcomorphism and A C M be a tran- 
sitive and /-invariant set such that / |a uniformly expanding. In |You90j . Young 
obtained a large deviations principle for the unique SRB measure which in our 
setting generalizes as follows: if is a Holder continuous potential then for every 
rj) : M —> R continuous 

limsup — logff d> ( x £ M : — S n tp(x) £ [a,b] ) < — inf Kt^fs) (6.2) 

n->oo n \ n ) se[a : b] 

and 

liminf — logz^f a, (x £ M : — S n 4'(x) £ (a,b) J > — inf Kr ^is) (6-3) 
n->oo n \ n J se(a,b) 

where K /^,(s) =— sup {—Ptop (f,<t>) + K)(f) +J <f>dr): Jtpdr] = s\. We refer the 
reader to |Val2j for a proof of the previous assertions and extension for weak Gibbs 
measures. Moreover, if ip is Holder continuous then Theorem [F] yields a large 
deviation principle where the rate function Kf jt j, in (|6.2p and (|6.2p is replaced by 
Ifrf, where //^(s) = sup_ t <t<4 {st — £/,,/>(£)} is the Legendre transform of the 
free energy function varies differcntiably. In particular this proves that the two rate 
functions above do coincide in the interval [£j^(— fy), £'f^ (t^)\- 

Now, take T_ = min{ J ip drf\ and T+ = max{ J ip drf} where the minimum and 
maximum are taken over all /-invariant measures (we omit the dependence on /, 
</> and "0 for notational simplicity). Then for any fixed t £ [T_, 2+] 



(/, 4>) i-> sup <^ P t0 p(/, 4>) - h v (f) - / 4>dr):ri£Mi(f) and / i/)dr) = t 



2<) 



is diffcrcntiablc, provided that ip is Holder continuous. This illustrates the space of 
invariant probablity measures is rich for uniformly expanding dynamical systems. 



In the next examples we study large deviation properties for some open classes 
of non-uniformly expanding maps. 

Example 6.4. Consider the robust class of multidimensional local diffeomorphisms 
T obtained by bifurcations of expanding maps as introduced in Example 16.11 It 
follows from Theorem [F] that for any Holder continuous observable ip not cohomol- 
ogous to a constant there exists an interval J C I such that for all / 6 T and 
[a, b] C J it follows that 

lim sup — log fj,d> (x <G M : — S n tp(x) £ [a, b] ) < — inf It^(s) 

n->oo Tl \ Tl J s£[a,b] ' 



and 



lim inf — log [ x £ M : —S n ip(x) £ (a, b) ] > — inf If v,l 

n^oo n \ 71 J s£[a,b] 



In particular, a local large deviations principle is obtained, providing in this con- 
text a partial answer to Question 3 in |Val2| . In addition, for any injectively 
parametrized family V 3 v — » /„ the rate function (s,v) i— > If v ,ip{s) varies contin- 
uously with the dynamics and the potential even in this non-uniformly expanding 
context. 
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